MOTION OF A CIRCULAR CYLINDER IN A VIBRATING LIQUID
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Qualitative results of experiments involving vibrating liquids and solids were presented
in [1]. 1In particular, it was shown that a body situated in a cylindrical vessel with a liq-
uid having a density greater than that of the solid may sink if the vessel performs oscilla-
tions along its axis. In conmnection with this, the present study will investigate the planar
problem of motion in a gravitatiomal force field of a circular cylinder situated in an ideal
incompressible liquid, limited externally by the planar surface of the oscillating wall (see
Fig. 1). The liquid and cylinder are initially at rest. At subsequent times the liquid flow
is potential and symmetric about the x axis, and the cylinder moves in translation. Condi-
tions will be found under which cylinders with densities less than the density of the sur-
rounding liquid sink rather than float upward.

1. Let %, y be an inertial rectangular coordinate system in the plane of the flow; i
and j are unit vectors directed along the x and y axes; t is time; ¢ is the cylinder radius;
0(L, 0) is the point of interaction of the flow plane with the axis of the cylinder; h is
the distance from the point O to the line of intersection between the flow plane and the
wall surface (h > @); ho is the value of hat t = 0; H=L —h; x =x—H; r = V(X —h)2 + y2;
® is the angle at the point O between the vectors i1 and (2 — h)1i + yj; pc is the density of
the cylinder; p7 is the density of the liquid; f is an arbitrary function of t; g = —gi is
the acceleration of gravity.

We will consider liquid flow and cylinder motion relative to a coordinate system %, v,
fixed to the wall. The potential ¢ of the flow velocity, the pressure p, and distance h
satisfy the following equations and conditions: :

o0 4 oD\, 1, 90\ p _dil_{_)f\__:.

82d/or? + 6°D/oy? = 0; (1.2)
oD/dz =0 for T =0; (1.3)
a®/gy =0 for y=0,0<z<h —aandy =0, 2>k + a; (1.4)

oD D . dh o
‘-gri—cosﬁ+-—‘9751n9=—d—t-cosﬂ for r=a; (1.5)
0®/dx — 0, 0®D/oy — 0 at - 72 4 y® > oo; (1.6)
#hidir = Fl(na’p,) — g — dHIdE; (1.7)
h =hy, dhjdt =0 at ¢ =0, (1.8)
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where
T
F=—a§p‘[r=acose'd9. (1.9)
-

2. We will consider the problem of Egqs. (1.2)-(1.6). Transforming in Egs. (1.2)-(1.6)
to bipolar coordinates n, &, related to %, y by the expressions

~ . sh ———rr sin §
z=Vi=—& c_h’ﬁ%né'c?s—? y=Vh2——a2m, (2.1
we obtain
8*®/om? -+ 9*D/0E? = 0; (2.2)
oD/om =0 at q =0, E=£0; (2.3)
acD/ag —0a  §=mandf =0, n0; (2.4)
3 a—hcosE dh e .
o alfhz @ h——acos&2 @ 1T (2.3)
(1 — chncos §) —0,
_ (2.6)
—sh1]<1n§—~+(0h71005§—1) ‘*O for 1?4+ 820,
where
nézlnﬁ_Jr_Yf:_%_. - (2.7)

y) map the flow region cut off by the section 0 £ 8 < h —

The functions n = n(x, v), %,
< no, T € £ € 7. Separating the variables and maklng use

£ =
a, y = 0 into the triangle 0 <
of the equality

JT
E_. -
j‘ heosg —a cosmgdg_—zmn m“n for m=0,1, 7 (2.8)
(h — a cos E,)
we find the following solution of the problem of Egs. (2.2)—(2.6):
=_21/h2 2'”‘ EM‘ES_”E_HP, (2.9)

"o sh mn,

where @ 1is an arbitrary function of t. Equations (2.1), (2.7), (2.9) define the solution of
Egqs. (1.2)-(1.6). .

We will substitute Eq. (2.9) into Eq. (1.1). Using the relationship obtained and Egs.
(1.9), (2.1), (2.5), (2.8), we find '

& dh
F=n(12pm|:g+F f 2 +fza I(dt) Jg, . (2.10)

where ) '
Cfi=—4shin, D) am;, am= me " cth my; (z.11)

m=1 .
chn
fz_ZShnozbm+4shn0(ch2n0+1)Ecm T
m=1 0

bm = me™*™"0 cth mn, [m cthmng + (m + 1) e™"0 chngeth (m + 1) ], O (2.12)

em = me~ "™ (m — cth ny) cth mu,.
The series in Eqs. (2.11), (2.12) and their residues satisfy the following inequalities:
2 A < (N 4+ %) cths _;’ e_ano,
m=N .
2N,

D bn <2V 4 2cthi e,

m=N
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m=N

<(N + 22 cth‘-g- o Mo npu 1, > ¢, (2.13)

where N = 1, 2,...; € is any positive number.

We note that the actions performed on the series to obtain Eqs. (2.9), (2.10) are ad-
missible since the corresponding sufficient conditions are satisfied [2].

3. Let T be the period of the wall oscillations;

H=4,+ 2 (AmCOSZmn—;,-—&-BmSiann%), (3.1)
m=1
Ag, Apm, By are constants;
A+ 3 An=0, X mBn=0; | (3.2)

‘m=1 m==1

A is the largest value of [Hl. According to Eqs. (2.7), (2.11)-(2.13) we have

4 2
h=~[trmero(8)] n=geliro(4)]m 2-0 (3.3)

Using Eqs. (2.10), (3.1), (3.3), we find that for L independent of time, A { a and A/L »> O,

the equation
\ a4

- 25 4242 - ~ N [% T t
is satisfied, where f= 1_%, E=A4"" 2 m? (4% + Br);, = 2 (Amcos 2mn o + By, sin Zmn,-z—,),
g m=1 m==1

Am, ﬁm are constants. For pe < p7, the sum of the time-independent force ﬂazngf and the
gravitational force —mazpcg acting on a unit length of the cylinder is negative if

n¥kA%ap, 'UNp, — pJgT*1 > 1.

This result indicates that with sufficiently low values of T, a circular cylinder with demsity
less than that of the density of the liquid in which it is located may sink rather than float.

4. We will consider the problem of Egqs. (1.7), (1.8), (2.7), (2.10)-(2.12). At p. = p7
it has the solution h = hy. Let '

Pe 7 P> alhy—> 0, Alhy—0, p =0, G
aA/(ph?) = &, Ala>P, kihg>>Y,

where p = hﬁl/zgl/zT; a, B, Y are positive numbers (y < 1). Using Eqgs. (1.7), (2.10), (3.3
we obtain the following approximate equation:

&2h &H ¢ dh

F—=—u(g+f—d~t2—)(1—-l.—2?)+7\. (dt)' (4.2)
where

% = (pe — p1)/(ee + 01 1 A =p /[2(pc + 01)]

We will solve the problem of Eqs. (1.8), (4.2) by the averaging method of [3, 4]. Using the
substitution

h = hg — xH + »ha?H/(h2)?, t = T, (4.3)
we reduce Eq. (4.2) to a system of equations in standard form:
dz/dt = p,Z, ) . (4 4)
dZldt = px {axh A~2[2Hd*H/dw® + (dH/d7)*127% — 1}.

Using Egs. (4.1), (4.3) and the equality obtained below, defining the dependence of z on T,
it can be verified that the terms dropped in transition from Eq. (4.2) to Eq. (4.4) are small
in comparison to the terms maintained in Egq. (4.4). 1In the first approximation of the aver-
aging method
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z=13,7 =1, (4.5)
where z, Z is a solution of the system
dzldv = pZ, 'dZldv = —px(2alahkz® + 1), (4.6)

obtainable from Eq. (4.4) by averaging the latter over the dimensionless time T (see [3, 4]).
Limiting ourselves to this approximation and using Eqs. (4.5), (4.6), we obtain

dz/d7® = pPu(oz™® — 1), (4.7)
where
0 == — 2mia2u)k.
According to Egs. (1.8), (3.1), (3.2), (4.3), we have
z =1, dz/dt = 0_for 1 =0. (4.8)
Integrating Eq. (4.7) and using Eq. (4.8) we find

z

_1_5* sds —.—:‘{MT far O<<o<<{,

3 o) - do>1;

V 1 Vn(i-—-s)(sz——oz—s—‘z—) ' ur for 6<Oal»1 é>1’ (4.9)
z=1"fr 6=1.

We note that
for 6>0 pe<<p, (4.10)

for 6 <<0 p.>p1-

It follows from Eq. (4.9) that at 0 < 0 < | z increases monotonically, while at ¢ < 0 and ¢ >
1 z decreases monotonically with increase in 1. Thus, if a/ho, A/ho, u are small, A/a is not
small in comparison to unity, and o > 1, then according to Eqs. (4.3), (4.9), (4.10) a cir-
cular cylinder of density less than the density of the liquid in which it is located sinks.
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